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abstract 

We provide a uniform solution to 4d Af = 2 gauge theory with a single gauge group 
G = A,D,E when the one- loop contribution to the beta function from any irreducible 
component R of the hypermultiplets is less than or equal to half of that of the adjoint 
representation. The solution is given by a non-compact Calabi-Yau geometry, whose defining 
equation is built from explicitly known polynomials Wq and X R , associated respectively to 
the gauge group G and each irreducible component R. We provide many pieces of supporting 
evidence, for example by analyzing the system from the point of view of the 6d Af = (2, 0) 
theory compactified on a sphere. 
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1 Introduction 

It is by now well-known that the non-perturbative quantum effect of 4d M = 2 gauge theory 
can be captured by classical complex geometry [H |2]. This geometry is usually called the 
Seiberg-Witten curve when it is a curve, or just the Seiberg-Witten geometry when it is 
not. Many methods to obtain the solutions were devised over the years: 

• One is to consider the geometry as the spectral curve of the integrable system [3j HJ 
[5JI6]. It is, however, not straightforward to pin down the integrable system given the 
gauge theory. For reviews on this approach, see e.g. [7J [8j [9] 

• Another is to use the Calabi-Yau compactification of the string theory. Originally, the 
solutions were extracted from the decoupling limit of compact Calabi-Yaus [TO l [Tl j [T2] . 
but eventually the method was distilled into the geometric engineering [T3l [14] , which 
directly gives a non-compact Calabi-Yau which is fibered by ALE spaces, or equiva- 
lently 6d J\f — (2, 0) theory put on a Riemann surface. This requires the identification 
of the heterotic dual to the Type IIB on non-compact Calabi-Yau manifolds, and it is 
not always easy. For a review, see e.g. [15] . 
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• Yet another is to use branes in the type IIA theory which is then lifted to M-theory 
[16]. This method suits very well classical gauge groups with usual representations, 
but it is not very helpful for exceptional cases. For a review on this approach, see 
e.g. HZ]. 

• Lately, it was realized that 6d M — (2,0) compactified on a Riemann surface can 
be understood from the properties of codimension-2 defects of the 6d theory [18j [19] . 
Then, finding a Seiberg-Witten solution reduces to the identification of the combina- 
tion of the codimension-2 defects. 

These techniques are all inter-related, and each is complementary to another. The state of 
the art is that, for almost all of the choice of the gauge group and the matter content, at 
least one of the method is applicable, and the Seiberg-Witten solution can be found, and 
indeed the solution to most of the choices has been written down. 

Glancing through the solutions available in the literature l2T] l22| f23l l24l l4| l25\ f26| [27| 
l28l [29l l30l EU |32], it was noted in [30] that the solution to a theory with single simply-laced 
gauge group G = A, D, E almost always is given uniformly by the Seiberg-Witten geometry 

A 2hV 

z H Yl ^~ hRX n( x ii x 2> x 3i u>i| to) = Wg(x u x 2 , x 3 ; Wi). (1.1) 

Z R 

where 

• h y is the dual Coxeter number of G, 

• Wq is the equation of the ALE space of type G deformed by the Casimirs given in 
Table E [2J 

• bn is the contribution to the one-loop beta function from the hypermultiplet in the 
irreducible representation R, given in Table El 

• and Xr is the polynomial representing the hypermultiplet in the irreducible represen- 
tation R, tabulated in the Appendix [A] 

Note that we can consider half-hypermultiplets when R is a pseudo-real representation. We 
will denote them by and bi R = 1&r. 

Xr is known for all R for which 5r < h v , and there is a reason to suspect that a matter 
representation R with h v < 6r < 2h v , although still asymptotically free or conformal, is 
not realizable in this form. We call the former 'nice' representations (fe# < h v ), and the 
latter 'reasonable' representations. (h v < bn < 2h v ). The main objective of this paper 
is to give a rationale behind this regularity of the solution to the M = 2 gauge theory 
with single simply-laced gauge group and nice hypermultiplets. Here we note that most of 
the possible matter representations are in the "nice" representations. Indeed, as seen from 
Table [31 the only non-nice reasonable representations are only the 2-index symmetric tensor 
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G 


h y 




£2 


£3 




SU(n) = 




n 


1 


7l/2 


7l/2 


2,3, 


...,n 


SU(n) = 




n 


1 


71-2 


2 


2,3, 


...,n 


S0(2n) = 




2n-2 


2 


71-2 


?2—l 


2,4, 


. . . ,2n — 2;n 




E 6 


12 


3 


4 


6 


2,5, 


6,8,9,12 




E 7 


18 


4 


6 


9 


2,6, 


8,10,12,14,18 




E 8 


30 


6 


10 


15 


2,8, 


12,14,18,20,24,30 



Table 1: The dual Coxeter number for the gauge group A n _i, D n and E 6 j :S , together with 
the mass dimension of Xi in the corresponding ALE spaces and of the Casimirs Wi. 



^„_! = X* + x\ + x\ + u^™ 2 + w 3 ^i 3 H h%, 

Y -1- t- Q T?, 3 

^^-i = ^i + 2^3 + tf2^i + w 3 x 1 H h 

Wr>„ = + ^1^2 ~ X l + W 2 X™~ 2 + W 4 X™~ 3 H h W2n-2 + ^n^2, 

W Ee = x\ + x\ + x\ + W 2 x\x 2 + W5X1X2 + W 6 xl + W 8 X 2 + WgXt + W 12 , 

We 7 = x\x 2 + x\ + x\ 

+ w 2 x 2 2 xi + w e x 2 2 + W$X 2 Xi + W W Xi 2 + W 12 X 2 + W U Xl + Wis 

W Ea = x\ + x\ + x 2 3 + 

+ w 2 x 2 xl + w 8 x 2 xl + w 12 x'l + wux 2 xi + w 18 xl + W 20 X 2 + W 24i Xi + w 30 



Table 2: The equation defining the ALE spaces. The explicit formula for Wi via the Cartan 
of G was given in [351 S3 EZ], and is reproduced in Appendix [A] 



for SU(n), the 3-index antisymmetric tensor for SU(7) and SU(8), the spinor for SO(14), 
and the adjoint representations]^] 

Although Xr for all nice R can be found and will be tabulated in this paper, the 
mathematics behind them is not yet as clear as that for Wq- One way to obtain a handle 
to Xr is to view it from the perspective of punctures of 6d = (2, 0) theory, which is most 
straightforward when 5r 4 = h v [181 EHl [39]. In this case we expect that Af = (2,0) 
theory compactified on a sphere with three regular punctures realize free hypermultiplets 
in the representation (BRi- We give a detailed analysis of two cases, one involving the 
three-index antisymmetric tensor of SU(6) and another involving 56 of E-j. 

The rest of the paper is organized as follows: in Sec. El we interpret the polynomial Xr 
as giving a Calabi-Yau which represents a free hypermultiplet in the representation R, and 

1 The Seiberg-Witten curves which include the 2-index symmetric tensor and the adjoint representations 
are given in [33J and [33], respectively. Thus, the exact solutions for any matter content for the gauge group 
are known except for the ones with the spinor representation of SO(14) and the 3-index antisymmetric 
tensor of SU(7) and SU(8). We comment on this point again in Sec. 2] 
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give an explanation of the uniformity of the solution (11. ip . We also discuss how Xr for 
different G and R is related to each other. In Sec. [3J we perform three detailed case studies: 
the first is the 2-index antisymmetric tensor of SU(iV), the second is 20 of SU(6), and the 
third is 56 of E 7 . Among others, we will find that the same Xr can arise from a completely 
different combination of punctures from the point of view of the 6d M = (2,0) theory. We 
conclude with a short discussion in Sec. HI The Appendix |A] contains the list of all Xr. In 
Appendix B [B] we describe the details of obtaining the curve from the geometry. 



2 Generalities 

2.1 Motivating examples 

2.1.1 J\f = 2 gauge theory without matters 

Let us start by the analysis of the solution to the pure Af = 2 gauge theory with gauge 
group G = A, D, E $mm\M\MUMW)\ 

A hV 

A h z + =W G (x 1 ,x 2} x 3 ]w k ) (2.1) 

z 

where the Seiberg-Witten three-form is given by 

1 f dx\ A d%2 A d,X3 ^ dz ^ 

2m / W G (x 1 ,x 2 ,x 3 ; w k ) - A hV (z + l/z) z 

where the contour integral is taken around the poles of the denominator. 

It is helpful to recall the property of the deformed ALE space W G = 0. It is quasihomo- 
geneous in the variables Xi and the coefficients Wk whose degrees are given in Table [lj we 
use the convention that Wk has degree k. When Wi are generic, there are r = rankG two- 
cycles C\,...C r intersecting according to the Dynkin diagram of G. Then, we can define 
an element <fi in the Cartan of the Lie algebra of G such that 

f f dx\ A dx 2 A dx 3 

a ^ = U — mT^ (2 ' 3) 

where is the i-th simple root. Then is given by the degree- A; Casimir constructed from 
4> ES]. The geometry Wq = becomes singular when a ■ <fi = for a root a. It is well 
known that the low-energy limit of the Type IIB string on Wq = gives 6d M = (2, 0) 
theory of type G. 

From this viewpoint, the geometry for the pure gauge theory ( 12. ip can also be written 

as 

W G (x 1 ,x 2 ,x 3 ;w k (z)) = where! M ( Z \ = W \ h , ^ ( * ^ (2.4) 

I taw (z) = —A n z + tow — A n jz. 

This describes how the ALE space is deformed as one changes z. It can be regarded as the 
compactification of the 6d M = (2, 0) theory of type G on the cylinder parameterized by 
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lzl=0 lzl=l lzl=« 



a) ^ min ^ 



w k almost constant 



significant change in w k 

lzl=0 lzl=l ~ lzl=oo 



6) 



w k asymptotes to constant f 

significant change in w k 



Figure 1: a) The base of the Seiberg-Witten geometry in the weakly-coupled region, b) a 
half of the Seiberg-Witten geometry. This can be though of as the geometry representing 
free hypermultiplets. 

z. Then Wk{z) is the worldvolume fields of the 6d theory which depends on the position on 
the cylinder. 

Let us choose the vev so that Wk ~ a k - When the system is weakly coupled, i.e. A <C a, 
the geometry can be visualized as in Fig. QJi,). When \z\ ~ 0(1), Wk(z) is almost constant. 
Let us take an element in the Cartan of the Lie algebra of G so that = (</>). Take a 
three-cycle of the form Ai = A x d where A is a cycle wrapping around the cylinder once. 
Then 

/ u^ai-cf). (2.5) 

This means that a D3-brane wrapped around Aj gives rise to the W-boson of the gauge 
group G corresponding to the root a, [T31 IHJ EE] • 

The geometry is terminated by the divergence of w^i^z). Take the path B connecting 
z = z max and z = 2 min where the two-cycle Cj shrinks. The geometry is significantly modified 
when the right hand side on ( 12 .ip is of the same order with the left hand side. So we can 
estimate \z max \ ~ |l/z m in| ~ (a/A)^. 

Consider the three-cycle of the form Bi = B x d see Fig. [T^,) . Then we find 

, N 1 T max dz 2/i v . . A . , 

u ~ {oti-(p)— I — (ai-0) log- (2.6) 

R . Itxi L . z 2m a 

±j % «/ ^min 

which is the mass of the BPS 't Hooft-Polyakov monopole. The ratio of the masses (12.51) 
and (TjSl, 

2/i v A . , 

r(a) = — log- 2.7 
2m a 

correctly gives the one-loop running of the low-energy gauge coupling on the Coulomb 
branch. 
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The geometry around \z\ ~ oo can be studied by dropping the term inversely linear in 
z in (123]) : 

A hV z = W G (x u x 2 ,x 3 ;Wi), (2.8) 

see Fig. [lb). This should represent the presence of no vector multiplet at all. Indeed this 
geometry is smooth for all values of Wi, because of the linear term in z. 

2.1.2 SU(n) with fundamental hypermultiplets 

Let us next consider the geometry for the SU(n) gauge theory with rif < 2n fundamental 
flavors with masses m,-, 122, 



z + - mi) = x\ + x\ + P(xt) (2.9) 

i=l 

where P(x) = Yl( x ~~ a i) = x i + w 2 x™~ 2 + • • ■ + w n . We can split rif = rij + n'j so that 
n 'f> n "f — n - Then we can write the same geometry as 

\ n ~ f 

A n-n'j z jj^ _ m .) + Y[( Xl - rhi) = x\ + xj + P{x l ). (2.10) 

i=l Z i=l 

where we redefined z. Now the degree of the left hand side is less or equal to that of 
the right hand side, and thus the system can be thought of as the compactification of 6d 
M = (2,0) theory of type A n _i. When A is very small, Wk{z) is again almost constant 
around \z\ ~ 0(1), which again fits the situation shown in Fig. (TJ a). We can find the 
three-cycles representing the W-bosons and the monopoles as before; the only difference is 
that now z max ~ (a/A) n ~ n f and z m i n ~ (A/a) n ~ n f. Then the ratio of the masses is now 

2n — n' f — n"f A 

r(a) = -L. Mog-, (2.11) 

2m a 

correctly reproducing the one-loop running. 

The divergences of Wk(z) at \z\ ~ and \z\ ~ oo should then represent the presence of 
n'jr and n'jr hypermultiplets in respective regions. To isolate the behavior at \z\ ~ oo, we 
drop the term inversely proportional to z in (12.101) . and consider the geometry 

n" 

A n ~ n f Z Y[(xi - mi) = x\ + x\ + JJ(xi - a t ). (2.12) 
i=i i=i 

The geometry can be visualized as in Fig. [lb). As can be easily checked, this geometry 
becomes singular when a, = rrij for some i and j, signifying the presence of the fundamental 
hypermultiplets with masses mj. Note also that the prefactor A n-r V was responsible for 
reproducing the one-loop running. This geometry will be obtained by the weak coupling 
limit, i.e. A — > although only the n" hypermultiplets can be represented. 
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'Nice' representations: b < h 



G 


R 


b 




SU(n) = 


K-\ 




fund. 


n 


1 


f|A.4) 








2- index antisym. 


n(n-l) 
2 


n- 2 


(|A.5) 


SU(6) = 


A, 


half 


3-index antisym. 


20 


3 


(IA.8) 


SO(n) = 


D n 




vector 


2n 


2 


0A.13) 


SO (8) = 


D A 




spinor 


8s 


2 


(IA.14) 


SO(8) = 


D 4 




conj. spinor 


8c 


2 


(IA.15) 


SO(10) = 


D 5 




spinor 


16 


4 


(IA.16) 


SO(12) = 


D e 


half 


spinor 


32s 


4 


(IA.17) 


SO(12) = 


D e 


half 


conj. spinor 


32c 


4 


(IA.19) 




E s 






27 


6 


(IA.24) 




E 7 


half 




56 


6 


(IA.25) 



'Reasonable' representations: h v < b < 2h 



G 


R 


b 


SU(n) = 




2- index sym. 


n + 2 






adj. 


2n 


SU(7) = 


A e 


3-index antisym. 


10 


SU(8) = 




3-index antisym. 


15 


SO(2n) = 




adj. 


An- A 


SO (14) = 


D 7 


spinor 


16 




Ee 


adj. 


24 




E 7 


adj. 


36 




E 8 


adj. 


60 



Table 3: List of 'nice' and 'reasonable' representations of G = A n _i, D n and £^,7,8 
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2.2 Hypermultiplet geometries 



The discussion so far suggests the following general picture: for a hypermultiplet in repre- 
sentation R of G with mass m, we should find a Calabi-Yau geometr}]^ representing it of 
the form 

A hV ~ bR zX R (x 1 ,x 2 ,x 3 ;w k ;m) = W G (x 1 ,x 2 ,x 3 ;w k ) (2.13) 
such that there is a three-cycle C v for each weight v of R such that 

/ u = v-<p-m (2.14) 

where <fi is such that Wk = Wh{(j>)- Finding three-cycles is a big problem, so in practice we 
impose a weaker condition, that the geometry becomes singular whenever 

v ■ (j) — m (2-15) 

for a weight v of R. It is not, a priori, obvious that we can find such a geometry for all R, 
or why it should be linear in z. 

First, in order for the left hand side to be a deformation of the singularity, 6r can be at 
most h v , or in our terminology, R needs to be 'nice'. Therefore, the adjoint representation 
for which b = 2h v is out of the question in this approach. Fortunately, one finds that most 
of the representations which can be used to construct asymptotically free or conformal the- 
ory with simply-laced gauge group G = A, D, E are nice. The exceptions are the adjoint 
representation of each G, the symmetric 2-index tensor representation of SU(iV), the an- 
tisymmetric 3-index representations of SU(7) and SU(8), and the spinor representation of 
SO(14). Therefore, representations with bn < h v are not that a big restriction, see Table [3] 

Second, the table shows that there are two types of irreducible representations with 
bn < h y : one which comes in infinite series, fundamental and two-index antisymmetric 
tensor of SU(n), and vector of SO(2n). There are only finite number of exceptions, which 
we call exceptional representations. The curves for the infinite series are standard [221 EH [251 
[26l [32] . and can be translated into corresponding polynomials Xr. As for the exceptional 
representations, the biggest is 56 of E 7 , and it can be seen that any other exceptional 
representations can be obtained by a repeated application of the decoupling procedure, see 
Table HI Namely, given a geometry for the representation R of G, one can give a vev ((f)) 
breaking G to G' . At the same time, we can tune the mass M of the hypermultiplet in R 
of the order M ~ ((f)) so that the mass of the hypermultiplet in a subrepresentation R' of 
G' remains finite. This decoupling method produces Xri for G' given Xr for G, which we 
illustrate in an example in Sec. 13.21 Now, X^e of Ej was determined in [31]. Therefore, 
every other Xr for exceptional representations follow. 

2 Calabi-Yau geometries which produce massless hypermultiplets in various representations when used 
in Type IIA compactifications were identified in [551133]. In our case, the Calabi-Yau geometries should be 
used in Type IIB compactifications. These should be mirror to each other, but since they are non-compact 
and typically non-toric, it is hard to show that it is indeed the case. 
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£ 7 ,56 

I \ 
E 6 ,27 SO(12),32s 

/ SI 

SU(6),15 SU(6),20 SO(10),16 

/ I 
SU(5),10 SO(8),8s 

I 

SU(4),4 

Table 4: Relations among 'nice' exceptional representations under decoupling 

Third, suppose we find such polynomials X Rl and Xr 2 for two representations R\ and 
i?2 of G. Then the geometry for the combined representation can be easily found: 

A hV - bR i- bR izX Rl X R2 = W G (2.16) 

Indeed, defining z = zA~ bR ^X R2 , we get just A h ~ bR ^zX Rl = Wg- Therefore, assuming a 
three-cycle representing the hypermultiplets in R\ is known in the latter geometry, the same 
three-cycle can be found in the geometry (12.16j) . Therefore the geometry for the reducible 
representations can be found by multiplying X R for the irreducible representations. 



2.3 General recipe 

Now we come to a general method to write down the Seiberg-Witten geometry for Af = 2 
theory with simply-laced gauge group G with matter content ®iRi, such that b Ri < h v to 
have Xr and Yli ^Ri ^ 2/i v to be asymptotically free or conformal. We split the irreducible 
components into two groups, ® a R a and ®a,Ra so that b Ra < h y and J2d — ^ ' ■ Then 
we consider the geometry 

a hy 

A h \\[A- b ^X Ra + — ]jA- b ^X R& = W G (x 1 ,x 2 ,x 3 ;w k ). (2.17) 

a a 

When A is very small, the geometry is of the form shown in Fig. [T] a), and thus we find 
three-cycles representing W-bosons and monopoles, together with three-cycles representing 
hypermultiplets in ®iRi in the regions \z\ ~ and \z\ ~ oo. At least the one- loop running 
is reproduced by construction. We can hope that the holomorphy guarantees that the 
geometry is correct even in the strongly-coupled regime. 

We needed to divide ®iRi into two subsets, but the resulting geometry in fact does not 
depend on the choice, because it can be easily rewritten to 

A2/i v 

z + ]jA~ bA &X R _ = W G - (2.18) 
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Admittedly, there are many gaps in the rough argument presented above. In the next 
section, we provide detailed checks of the construction in three examples. 

We note that the Seiberg-Witten geometry (I2.17P can be always rewritten in the form 

W G {x' 1 ,x' 2 ,x' 3 ;w) = 0, (2.19) 

by a redefinition x\ = x[(xk, Wk, m, A, z) and Wk = Wk(u)k, m, A, j§ Then, we can construct 
a corresponding Seiberg-Witten curve: 

P R (x,w t ) = (2.20) 

from the deformed Casimirs Wi defined by (12. 19ft and the characteristic polynomial of a 
representation R of G, Pr(x, u>j) = Yi a { x ~~ a ' ^a)> where X a is a weight of R. We expect 
that the low energy effective actions computed from this curve and the Seiberg-Witten 
geometry are the same. The equivalence was explictly verified by [ID] for pure Eg theory, 
but it holds universally. 

In particular, the physics does not depend on the choice of the representation R as 
discussed in |JT], in which the cycles to be integrated on were explicitly specified. Thus, 
we can use the curve instead of the geometry if we want to do so. The Seiberg-Witten 
differential will be given by@ 

\ = x— . (2.21) 

z 

These two descriptions are related in string theory by the duality between the IIB string on 
non-compact Calabi-Yau (12.171) and the 6d (2,0) theory (or the M5-branes in the non-trivial 
background) on the curve. 



3 Case studies 

3.1 2-index antisymmetric tensor of SU(n) 

Derivation The curve of SU(n) with two hypermultiplets in the 2-index antisymmetric 
tensor representation with equal mass m was determined in [32 J^|: 

A 2 (z+-) =x 2 -u, (3.1) 

z 

= R(u) + xS{u) (3.2) 

3 Below, we will simply denote u>k(wk, m, A, z) as Wk(z). 

4 Precisely speaking, this is not completely fixed by the considerations so far partially because there are 
ambiguities for the definition of Wi. We will explain how to fix it in the Appendix [Bj 

5 Their coordinate system and ours are related as z th oirs = "ours, 2/thoirs/ithoirs = amours, iticirs = ^ours/A 2 , 
and m^, theirs = ~2m OU rs- We set t«theirs = 1- Then our (|3.1[) is their (5.52), our (|3.2|) is their (5.53), and 
our (|3.3|) is their (5.40). Their (5.53) has x — 2m^ instead of x in (|3.2j) . but that was a typo. The authors 
thank P. Argyres for correspondences on this point. 
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where polynomials R(u) and S(u) are determined by the condition 



R(x 2 ) + xS(x 2 ) = n^-^ + Tr)' ( 3 - 3 ) 



2 

i 

and the SW differential is given by 

A = x—. (3.4) 

z 

This curve is equivalent to the following non-compact Calabi-Yau, as we will show momen- 
tarily: 

A 2 (z + -)X asym (xi,X2, x 3 ; Wi\ m) = x 2 x 3 + P{xt\ Wi) (3.5) 

where 

P(xi,w,i) = Y[(x 1 - a { ), (3.6) 

i 

X asym (x 1 , x 2 , x 3 ; wu m) = -x 3 + T(x u x 2 ; w 5 ; m). (3.7) 
Here, the polynomial T(x±, x 2 ;wf, m) is defined via the relation 

771 771 771 

x 2 T(x u x 2 ) = R(( Xl - -f + x 2 ) + {x x - -)S{{ Xl - -) 2 + x 2 ) - P(xi). (3.8) 

Note that the right hand side has a factor of x 2 due to (13.31) and (13.61) . guaranteeing that 
T(xi,x 2 ) is a polynomial. 

Let us show the equivalence of the Calabi-Yau and the curve. Note that x 3 only appears 
linearly in (13.51) and can be 'integrated out'. The derivative with respect to x 3 of (13. 5p sets 

-x 2 = A 2 (z + -). (3.9) 

Plugging it back to (I3.5P and using (13.81) . we find 

#(0*1 - J f + x 2 ) + (xi - j)S({ Xl - y) 2 + x 2 ) = 0. (3.10) 

Introducing x = X\ — y and w = (xi — y) 2 + X2, we find the curve (13. ip and (13. 2p . 

Confirming the discriminant From the discussion above, we conclude that the hyper- 
multiplet geometry representing a 2-index antisymmetric representation of SU(n) is given 
by 

A 2 zX asym (x 1 ,x 2 , x 3 ; wf, m) = x 2 x 3 + P{x X ] «;<). (3.11) 

Let us check that this geometry becomes singular when a component of the hypermultiplet 
becomes massless. The geometry (13. lip becomes singular when its derivatives with respect 
to Xi,x 2 ,x 3 all becomes zero. One easily sees that this is equivalent to the fact that the 
equations R(u) = and S(u) = defined in (I3.3P have a common zero u = uq, i.e. R(uq) = 
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S(uq) = 0. This happens when their resultant is zero; and in general the resultant is given 
by 

Resultant of R(u) and S(u) = const. + o,j — m). (3.12) 

i<j 

Therefore, the geometry becomes singular when a component of the antisymmetric tensor 
becomes massless. To confirm the resultant, assume a, + aj = m for a pair i < j. Let 
x = Oj — m/2 = —aj + m/2. Using f)3.3p . we find R(xl) + x S(xl) = R(xq) — XqS(xq) = 0. 
Xq is generically nonzero, so we conclude R(xq) = S(xq) = 0. This means that the resultant 
has a factor of aj + aj — m for each pair i < j. One can independently calculate the degree 
of the resultant because we know the degrees of R(u) and S(u), and we conclude that there 
is no other factor. 

3.2 3-index antisymmetric tensor 20 of SU(6) 

Decoupling from 32 of SO(12) One representation for which Xr has not been written 
down is the three-index antisymmetric tensor 20 of SU(6)@ This can be derived from the 
known case, 32 of SO(12) via decoupling. We start from X 32 , obtained in [3T] : 

X 32 {xi; Wu m) = ^;(8ix 2 + 8xf + AW 2Xl + AW 4 - W$f 

+ m^iWz + W 6 - -W 2 W A + — Wl + 2W 2 x\ - -W^ Xl + -W 4 xx + 3x'l + 3ix t x 2 + % -W 2 x 2 ) 
4 lo o 2 2 

1 3 1 

+ Aim 3 x 3 + m 4 (3ix 2 + -W 2 xi + -W 2 2 - -W 4 ) + (2x x + W 2 )m 6 + m 8 . (3.13) 

2 8 2 

With this, we consider the geometry 

A 10 - 8 zX 32 =x\ + x x x\ -x 2 3 + W 2 x\ + W±x\ + W 6 xl + W s x x + W 10 + W 6 . (3.14) 

Now we give a vev to Wi so that SO(12) is broken to SU(6) x U(l). The spin represen- 
tation decomposes as 

32 20 © 6i © 6_i. (3.15) 

The vev gives the mass to the hypermultiplets proportional to the U(l) charges through the 
^/2Q^Q term. Therefore, if we take the vev infinite with a shift of the mass m to cancel 
this additional contribution, we will have SU (6) gauge theory with 20 or 6, depending on 
the shift. Here, we should rescale the dynamical scale using the scale matching condition 
as usual and the U(l) sector decouples by the limit. In order to obtain 20 we do not need 
to shift the mass and just give the vev and take the limit. The geometry in the limit will 
be obtained with a non-trivial redefinition of the coordinates x\ = x' i (xi,x 2 , x 3 , m, Wk) such 
that the geometry is written as 

W SO (i2)(xi, x 2 , x 3 , W k ) = M A W su{ s){x' x ,x 2 , 4, w k ) + 0(M 3 ), (3.16) 

6 There was a paper |44j in which it was attempted to determine the Seiberg-Witten curve for gauge 
theories with three-index antisymmetric tensors. 
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where M is the scale of the vev. This procedure was explained in detail in |30j. Explicitly 
doing this with the help of a computer, we finally obtain the geometry for 20 of SU(6): 

A 6 " 6 zX 20 = x 2 x 3 + x\ + w 2 x\ + w 3 x\ + Wix\ + W5X1 + w 6 (3-17) 

where 

X 2 o(xf, Wi\ m) = —(w 2 Xi + w 3 + 2x\ + 2ix 2 ) 2 

+ m (—12a;! — \2%x\x 2 — 6w 2 x 1 — 6U73X1 — 4w 4 + w 2 ) 

+ 8m 3 x 3 + m A {3xl + 2w 2 ) + m 6 . (3.18) 

It is relieving to find that it becomes a square when m is set to zero, because 20 is pseudo- 
real and one can consider a half-hypermultiplet in 20: 

Xi 20 (xi; Wi) = i(w 2 xi + w 3 + 2x\ + 2ix 2 ). (3.19) 

Comparison with 6d M = (2, 0) theory: introductory remarks Let us study this 
geometry from the point of view of the 6d N — (2, 0) theory of type A 5 . It is done by 
rewriting the geometry in the form 

x 2 x 3 + x\ + w 2 (z)x\ + w 3 (z)x\ + w A (z)x\ + w 5 (z)xi + w 6 (z) = (3.20) 

and considering the multi-differentials 

dz^ 

<Pk(z) = w k{z)— (3.21) 

as the worldvolume fields of the 6d theory. A further compactification on S 1 makes the 
system into 5d maximally supersymmetric Yang-Mills on a sphere parameterized by z. 
Then there is a complex adjoint scalar field $(z) which is a differential such that 

A 6 + p 2 (z)\ 4 + ■■■ + tp e (z) = det(A - $(z)) (3.22) 

where A is the Seiberg-Witten differential. 

The main point of the approach using the adjoint field &(z) [HJ [19] is to identify its 
singularity. This method is most developed when the total b equals h v . In this case, it is 
expected that there are three singularities, say at z = 0, 1, 00. Let t be a local coordinate 
at a singularity so that the singularity is at t — 0. Then $ has the form 

dt 

$ rsj 1_ regular (3.23) 

with a residue $_i. The residue $_i is diagonal when the Seiberg-Witten differential A has a 
single pole there, representing the hypermultiplet mass term. Even when the hypermultiplet 
mass term is zero, $_i can be a nonzero nilpotent matrix. The Jordan decomposition of 
this nilpotent matrix captures the important data of a singularity. There is now a method 
of reproducing the number of hypermultiplets and its flavor symmetry given the type of 
three singularities |T8j [38] . 
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Half 20 and three fundamentals To apply this technology, first take a half-hypermultiplet 
of 20 and add three copies of fundamentals so that the total b is 6: 

z{x\ — mi)(xi — m 2 )(xi — m 3 )i(w 2 Xi + w 3 + 2x\ + 2ix 2 ) = 

x 2 x 3 + x\ + w 2 x\ + w 3 xl + Wix\ + w^xi + w 6 , (3.24) 

which can be readily made into the form (13.201) . One finds the following: 

• at z = 0, $_i is a generic diagonal matrix. This puncture is called the full puncture. 

• at z = 1, $_i oc diag(l, 1, 1, 1, —2, —2) when mi+m 2 + m 3 ^ 0. When irti+m 2 + m 3 = 
0, the order of the pole of ifk is given by (p2,P3,P4,P5,Pe) = (1,1,2,2,2), which 
corresponds to a nilpotent <3?_i = N 2 © iV 2 © Ni © A^i where iV c is a c x c Jordan block. 
This corresponds to the puncture labeled by a partition [4, 2]. 

• at z = oo, $_i oc diag(a, a, 6, 6, c, c) where (a, 6, c) is the traceless part of (mi, m 2 , 7713). 
When it is zero, the orders of the poles of ipk are given by (p2,P3,P4,P5,P6) = 
(1,2,2,3,4), which corresponds to a nilpotent $_i = A^3 © iV^. This corresponds 
to the puncture labeled by a partition [2, 2, 2]. 

Using the method explained in [3H], it is straightforward to find that this three-punctured 
sphere has the requisite properties to be identified with ^20 plus three copies of 6. For 
example, let us check that the M = 2 system defined by this three-punctured sphere does 
not have any Coulomb branch, as is required for any theory consisting only of hypermulti- 
plets. In general, the dimension of the Coulomb branch of a sphere with many punctures is 
obtained by the formula [THJ EBJ 143] 

dim(Coulomb branch) = dim c Og^-ia) ~ 2dimG (3.25) 

i 

where $_i,i is the residue at the i-th singularity and Og($) is the space of elements conjugate 
to $ under Gq- In our current situation, we have 

dimO(generic) = 30, dimO(AT 2 ©A^ 2 ©A^ 1 ©A^ 1 ) = 16, dimO(^"3©^" 3 ) = 24. (3.26) 

Then the dimension of the Coulomb branch is 

dim(Coulomb branch) = 30 + 16 + 24 - 2 ■ 35 = 0, (3.27) 

which is zero as it should be. 

Full 20 Next, consider the full half-hypermultiplet 20, which in itself satisfy 620 = 6. We 
rewrite the geometry (I3.17P into (13.20)) . We find three singularities of <pk' 

• at z = 0, one has again the full puncture, with the flavor symmetry SU(6). 
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at z — 1, one finds that ^3 and ^5 have the branch cut of the form ~ [z — l) 1 / 2 . 
We find that the orders of poles are given by (p2,P3,P4,P5,P6) — (1, §, 3, -|, 3), but by 
redefining the Casimirs as 

11 1 
we find the poles are given by (p' 2 , p' 3 , p' 4 , p' 5 , p' 6 ) = (1, §, 1, §, 2). 

at z = 00, one similarly finds that <^3 and ^5 have branch cuts. The orders of poles 
in the massless case are given by {p2,P3,P4,P5,Pe) = (1, ^, 3, |,4), which can not be 
further reduced by redefinitions of Casimirs. When the hypermultiplet is massive, we 
have 



.-■>(-) - -W^, <p*{z) ~ ~ +3m 4 ^, (3.29) 

^ z z 



^( z ) ~ -^t/F, M z ) ~ - m "^6~- ( 3 - 30 ) 

The presence of branch cuts means that the 6d construction involves the Z 2 outer au- 
tomorphism, as in [46J. This means that the Hitchin field is transposed, — > a(Q(z)), 
when we go around the puncture. Here <r(X) can be 

<t(X) = -X\ (3.31) 

But this choice of a does not leave any diagonal matrix invariant, and thus inconvenient. 
Instead let us use a defined by 

a(E hJ ) = -{-l^Eh-jj-t (3.32) 

where E it j is the matrix with 1 at (i, j)-th entry and zero otherwise. Then the diagonal 
matrix of the form 

diag(a, b, c, — c, — b, — a) (3.33) 

is preserved; we can check that the twist a preserves USp(6) subgroup of SU(6). So, when 
we have branch cuts, we expect $ to behave as 

dt T dt _ dt , . 

$(t) ~ + *-i/2^/2 + ^o + ower OT( ^ eT terms (3.34) 

so that cr($_i) = cr($_i/ 2 ) = -$-1/2 and cr($ ) = $o- The leading term $_i deter- 
mines the property of the puncture, and $-1/2 and $0 will be generic. We find that 

• at z = 1, the choice $_i = reproduces the behavior of 

• at z = 00, we can reproduce the behavior of ipk by choosing $_i = N 2 © iV 2 © iV 2 when 
m = 0, and $_i oc diag(l, 1, 1, —1, —1, —1) when m^fl. These massive and massless 
$_i are the one associated to the partition [3, 3] if there is no branch cut. 
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• at z = 0, we do not have any branch cut, and $_i is just a generic diagonal matrix. 

Thus, at least we have checked that our polynomial Xr can come from a singularity of 
the Hitchin field <£>. Let us check that the M = 2 theory defined by these punctures does 
not have the Coulomb branch, as it should be for a theory of free hypermultiplets. In our 
situation, the formula (13.251) cannot be directly used, because some of the punctures have 
branch cuts. In this case we need to use the formula [45J 

dim(Coulomb branch) = dime Od ~ 2 dim G common (3.35) 

i 

where Gi is the gauge group preserved by the twist at the i-th puncture, and G common is the 
common subgroup of all G^. To apply this formula to our current case, we use 

S u(6) (generic) = 30, O USp ( 6 )(0) = 0, O USp ( 6 )(iV 2 © N 2 © N 2 ) = 12 (3.36) 

and Gcommon = USp(6). Then 

dim(Coulomb branch) = 30 + + 12 - 2 ■ 21 = 0, (3.37) 

as it should be. 

It is not yet developed how the properties of the hypermultiplet can be recovered the 
choice of the singularities of the Hitchin field in the presence of the branch cuts of 6d A n _i 
theory, so we cannot perform further checks in this case. 

Six fundamentals As a comparison, consider six fundamentals, which also have total 
b = 6. The geometry is 

6 

Z Y\( X ~~ m i) = X \ + X 3 + X l + W 2X\ + + W^x\ + + Wq, (3.38) 

i=l 

which can be made into the form (13.201) very easily. One finds [18] 

• At z = and z = 00, one finds the full puncture, each carrying SU(6) flavor symmetry. 

• At z — 1, the poles behave as (p2,P3,P4,P5,P6) — (1, 1, 1, 1, 1). The residue of the 
Hitchin field is given by $_i oc M(l, 1, 1, 1, 1, — 5) where M = J^mj in general; it 
becomes $1 = N 2 © A^i © A^i © iVi © A^i when M = 0. This singularity is usually called 
the simple puncture. 

Summary Thus, we saw the three cases, i) half 20 and three fundamentals, ii) full 20, 
iii) six fundamentals, all have realizations in terms of 6d J\f — (2, 0) theory of type A$ on 
three-punctured spheres. We have found that the choice of punctures in each case was com- 
pletely different from each other; the second case involved even a Z 2 outer automorphism. 
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These diverse examples, however, all came from the same ingredient X 2 o and Xq within the 
approach of this paper. 

As another intriguing consequence of this analysis, let us consider superconformal SU(6) 
gauge theory with one 20 and six fundamentals. The Seiberg geometry is given by 

z + ^X 20 X 6 6 = W As . (3.39) 

z 

One can redefine z to rewrite the geometry in the form 

z'X 6 6 + ^X 20 = W A5 . (3.40) 

As a six-dimensional theory living on the sphere parameterized by z', we have a simple 
puncture and a full puncture on the left giving six fundamentals, and two punctures with 
branch cuts on the right giving a full 20. One can also redefine z in such a way to have the 
geometry of the form 

z"X 6 3 X h20 + ^X 3 6 X 20 = W A5 . (3.41) 

^ z 

Then, the 6d theory living on the sphere parameterized on z" has, on both sides, one 
puncture of type [4, 2] and another of [2, 2, 2]. This illustrates the fact that the same Seiberg- 
Witten geometry (I3.39P can lead to two completely different combinations of codimension- 
two defects on the 6d theory, when the choice of the base was changed from z' to z", see 
Fig.H 

3.3 56 of E 7 

Let us next consider 56 of £7, whose polynomial is given by 

X^e(xi; Wi] m) = x\ + m 2 (— 6x1X2 — 4wi ) + 8im 3 X3 

+ m 4 (—3x 2 — 6W2X2 — 4u! 8 ) + m 6 (2w2Xi — 10x2 — ^wq) 

+ m 8 (6xi +w 2 2 ) + 2w 2 m w + m 12 . (3.42) 

For a half-hypermultiplet, the polynomial is very simple, Xi 56 = x 2 . 

Behavior of Casimirs The total b becomes h y = 18 if we use three half-hypermultiplets. 
The geometry is then 

zx 2 X 56 (xi; Wi] m) = xfx 2 + x\ + x\ 

+ w 2 x 2 2 xi + w 6 x 2 2 + WSX2X1 + wiqXi 2 + W12X2 + WuXx + w 18 . (3.43) 

Let us study this geometry from the viewpoint of N — (2, 0) theory of type E 7 . We first 
rewrite it in the form 

= x\x 2 + x\ + x\ + w 2 (z)x2 2 xi + w e (z)x 2 2 

+ w s {z)x 2 x 1 + w 10 (z)x 1 2 + w 12 (z)x 2 + wi 4 (z)x 1 + Wi S (z), (3.44) 
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Figure 2: The same non-compact Calabi-Yau geometry fl3.39f) leads to two completely 
different sets of co dimension-two "punctures" as 6d Af = (2, 0) theory on a sphere. On the 
left, we chose the projection to the sphere parameterized by z', (13.401) . The pair of a simple 
puncture and a full puncture gives us six fundamentals, and the pair of two punctures with 
7j2 branch cuts produces one full hypermultiplet in 20. On the right, the projection was to 
the sphere parameterized by z", (I3.4ip . Two pairs of a puncture of type [4,2] and another 
of type [2, 2, 2] each give one half-hypermultiplet in 20 and three fundamentals. 
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and consider (pk{z) = Wk{z)(dz/z) h as the worldvolume fields. We find the following singu- 
larities: 

• at z = 0, we have a singularity where <Pk(z) ~ w^idz j z) k . 

• at z = 1, the order of the poles of <fk( z ) is given by 

(P2,P6,P8,Pio,Pi2,Pi4,Pis) = (1,2,2,2,3,3,4). (3.45) 

This cannot be further reduced by redefinition of the Casimirs. This does not depend 
on m, either. 

• at z = oo with m/0, the leading order of fk{z) behaves as 

w 2 {t) ~ —6m 2 , We(t) ~ +10m 6 , w$(t) ~ —3m 8 , w w (t) ~ 0, 

w 12 {t) rsj -2m 12 , w u (t) ~ 0, w 18 {t) ~ (3.46) 

where t = 1/z. ifk(z) is obtained by multiplying Wk(t) by (dt/t) k . When m = 0, the 
order of the poles is given by 

(P2,P6,P8,Pio,P\2,Pu,Pi8) = (1,4,6,8,9,11,14). (3.47) 

Behavior of the Hitchin field Any one of these behaviors should come from a singularity 
of the Hitchin field, <&(£) ~ $_i<it/i + regular. Indeed, by trial and error, one finds that the 
following choices do the job: 

• at z = 0, we just have to take $_i to be a general Cartan element h: 

dz 

$(z) = h h regular. (3.48) 

This is the full puncture. 

• at z — 1, we can take $_i to be a raising operator N a corresponding to any root a: 

$(£) = N a — + regular (3.49) 
t 

where t — z — 1. The pole behavior (I3.45P was checked by choosing a random regular 
element, taking tr$(t) fc for k = 2, . . . , 18, and finally extracting the Casimirs using 
the formulas in [35| 136^ . This orbit N a is known to be rigid, i.e. cannot be deformed 
to include mass terms, see e.g. Appendix A of [47] . 

7 The structure constants of any simple Lie algebra are available in electronically readable form in the 
Lie algebra package of GAP. The authors thank David Vegh for the help. 
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• at z = oo, we can take to be the fundamental weight vector t> cen ter corresponding 
to the central node of E-j Dynkin diagram where three legs are joined: 

= mt , center ^ + regular. (3.50) 

This can be readily translated to the behavior of Wk{t) using the formula given in [35] , 
reproducing (I3.46p . When the mass parameter m is turned off, the adjoint element 
conjugate to mvter is known (see e.g. [IS]) to degenerate to a nilpotent element 
Na 4 +a 2 °f t ne Bala-Carter label A 4 + A 2 : 

dt 

$(t) = N A4+A2 j + regular. (3.51) 
The Bala-Carter label means the following: one takes a subgroup of the corresponding 

type, 

SU(5) x SU(3) C E 7 , (3.52) 

which is apparent from the Dynkin diagram. Then, we take the biggest Jordan blocks 
in the subgroup: 

N 5 ®N 3 e su(5) © su(3) C E 7 . (3.53) 

Then Na 4 +a 2 = N 5 Q) N 3 is the same element regarded as an element of £7. Again, 
the behavior of the poles can be computed and it reproduces (I3.47p . 

Thus we identified the type of the three punctures on the sphere, on which 6d M = (2, 0) 
theory is compactified. Let us perform one final check by confirming that the Coulomb 
branch of this theory is free is zero dimensional. Again by referring to e.g. [48j, we find 

dim c 0(/i) = 126, dim c O(A^ a ) = 34, dim c 0(N Ai+A2 ) = 106. (3.54) 

Recalling dim_E 7 = 133 and using (I3.25p . we find 

dim(Coulomb branch) = 126 + 34 + 106 - 2 • 133 = 0, (3.55) 

as it should be. 

4 Conclusions 

In this paper we argued that the Seiberg-Witten geometry of any single simply-laced gauge 
group with matter content such that any irreducible representation R in it satisfies < h v 
has a universal form given in (11.11) . The basic point was that Type IIB string on the 
non-compact Calabi-Yau given by 

zX R (x 1 ,x 2 , x 3 ; Wi\ m) = W G (xi, x 2 , x 3 ; Wi) (4.1) 
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represents the hypermultiplets in the representation R of the group G. We saw how the 
general geometry (11. ip can be built from the basic ingredients of the form (14.11) . 

We then analyzed these Seiberg-Witten solutions from the point of view of the 6d J\f = 
(2, 0) theory in detail for three cases: the first was the 2- index antisymmetric tensor of 
SU(n), the second was 20 of SU(6), and the third was 56 of E 7 . We studied the types 
of the punctures of 6d M = (2, 0) theory, starting from the equations of the non-compact 
Calabi-Yau, and identified the residues of the adjoint one-form $ on the sphere. We found 
that the Calabi-Yau geometries previously found via various methods can all consistently 
be interpreted as arising from the 6d M = (2, 0) theory on a sphere. 

There are a few obvious directions of further research. One is to extend our analysis to 
non-simply-laced gauge groups. This will involve Z 2 or Z 3 outer-automorphism, as was first 
seen in [I]. Another is to find the Seiberg-Witten solution to the 'reasonable' cases, i.e. when 
the matter content involves a representation R in the range h v < &r < 2h v , see Table |3j 
The curves for the theories with massive adjoints or massive 2-index symmetric tensor of 
SU(n) are known [33j|3l]. So, the problematic ones are the 3-index antisymmetric tensor of 
SU(7) and SU(8), and the spinor of SO(14). If the matter content is just one copy of one of 
these representations, then they can be obtained by starting from the M = 2* theory with 
E-j or E 8 gauge group and giving an appropriate vev to the adjoint scalar. Therefore, the 
curves for these cases are implicitly known. The main problem would be to add additional 
matter fields in the fundamental representation to these theories. 

Finally, we need to note that although we have determined Xr for all nice representations 
through various means, we do not yet have a direct understanding of the relation between 
the representation R and the polynomial Xr. It would be desirable to have a more uniform, 
logical way which allows us to write down the polynomial Xr given the weights of R. 
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A List of hypermultiplet geometries 

A.l X R for SU(n) = A n ^ 
The ALE space is given either by 

W An _ x = X™ + %\ + X% + W 2 X™~ 2 + Ws^r 3 + • • ' + W n (A.l) 

or 

W K-i =%1+ X 2 X 3 + W 2 X 1 l' 2 + W 3 ^r 3 + • • • + Wn- (A.2) 

The relation between wu and the Cartan element = diag( ) is standard: 

n 

x n + w 2 x n - 2 + --- + w n = Y[(x- ai ). (A.3) 

i=l 

For the fundamental, we have 

Af UIld (xi; m) = x x - m. (A.4) 

This formula goes back to [22j [23] . 

For the 2-index antisymmetric representation, we use W^. 1 _ with 

A 2 -indcx antisymX^i; w i\ m ) = + ^(^1, ^2! ™) (A. 5) 

where T(xi,x 2 ; w^m) is defined as follows. Let P(x;Wi) = \~[™ =1 (x ~ a *)' an d define two 
polynomials R(u; wf, m) and S(u; Wjj m) via 

777- 

P(x + — ; Wj) = R(x 2 ; Wi, m) + xS^x; wf, m). (A. 6) 

Then T(xi, x 2 \ wf, m) is given by 

P{x x \ +x 2 T(x 1 , x 2 ; w{, m) = R{{x x - y ) 2 + x 2 ; wf, m) + (x 1 - y ) 2 S((xi - y ) 2 +x 2 ; w { ; m) 

(A.7) 

These polynomials can be straightforwardly extracted from the curve given in [32]. The 
curve was interpreted from the point of view of 6d A/" = (2, 0) theory in [49] and the 
punctures were identified there. We can check that these polynomials for n < 7 indeed 
coincide with the those obtained in [30] . 

For the 3-index antisymmetric representation 20 of SU(6), we use Wa 5 and 

X 2 o(xi', m) = -(w 2 Xi + w 3 + 2x1 + 2ix 2 ) 2 

+ m (—12x 1 — 12ix\x 2 — Qw 2 x 1 — 6103X1 — 4u> 4 + w 2 ) 

+ 8m 3 x 3 + m 4 (3x 2 + 2w 2 ) + m 6 . (A. 8) 

For a half-hypermultiplet in this representation, we just set m = and take the square root: 

Xi. 20 (xi; Wi) = i(w 2 xi + w 3 + 2x\ + 2ix 2 ). (A. 9) 

The detailed analysis of this polynomial was given in Sec. 13.21 
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A.2 X R for S0(2n) = D n 
The ALE space is given by 

W D n = xl' 1 + x x x\ -x 2 3 + w 2 x\~ 2 + W4X™- 3 + ■■■ + W 2n ~2 + w n x 2 . (A.10) 
The relation between Wk, w n and the Casimirs <fi = diag(±Oj) is standard: 

n 

x n + w 2 x n ~ 1 + w 4 x n ~ 2 + ■■■ + w 2n _ 2 x + w 2n = Y[{x - a 2 ) (A.ll) 

and 

w n = 2i n+1 a 1 a 2 ■ ■ ■ a n . (A. 12) 

For the vector representation, we have 

Avectorfe Wf, 777,) = X\ ~ VTl 2 . (A.13) 



This goes back to [251 ES] . 

For the SO (8) spinor 8s, we have 

1 i 1 

X 8s (xi] Wi, m) = -xi + -x 2 + ~w 2 + m 2 . (A. 14) 

The polynomial for the conjugate spinor 8c can be obtained by applying the outer auto- 
morphism x 2 — > —x 2 . 

1 % 1 

X$ c (xi; Wi] m) = -xi - -x 2 + -w 2 + m 2 . (A.15) 

This was determined in [30]. The three-punctured spheres on which 6d M = (2,0) theory 
of type D4 is to be compactified to produce these matter contents were analyzed in [46, 39J; 
it would be interesting to confirm the agreement. 
For the SO(10) spinor 16, we have 



X 16 (xi] Wi] m) = --x{ - -w 2 x x - -{w A - -wl) + ^x 3 



mx 2 + (xi + -w 2 )m 2 + m 4 (A. 16) 



The massless limit was determined in [28] and the massive case was found in [30] . 
For the SO(12) spinor 32s, we have 

X Z 2s{xi\ Wi] m) = ——(8ix 2 + 8x1 + ^w 2 x x + 4w 4 - w\) 2 
256 

+ m 2 (iwQ + w 6 - -w 2 w^ + Yq w z + ^ w 2x\ - -wlxi + -w^x 1 + 3xf + 3ixix 2 + -w 2 x 2 ) 

13 1 

+ Aim 3 x 3 + m 4 (3ix 2 + -w 2 X\ + ~w 2 — -^a) + (2a?i + w 2 )m 6 + m 8 . (A. 17) 
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The polynomial for the half-hypermultiplet is then 

Xi 32s (xi; Wi) = 7^(8^2 + 8x1 + 4w 2 x 1 + Aw A - w 2 ). (A.18) 

The polynomials for the conjugate spinor 32c can be obtained by applying the outer auto- 
morphism x 2 —> —X2 and Wq — > —wq. 

X 3 2c{xi] wf, m) = —-(-8ix 2 + 8x\ + Aw 2 xi + Aw A - w 2 2 ) 2 
25o 

+ m 2 (—iwQ + wq — -W2W4 + —wl + 2w 2 x\ — -w^Xi + -w 4 Xi + 3x1 ~ 3ix\X 2 — ^w 2 x 2 ) 

1 3 1 

+ 4im 3 X3 + m 4 (—3ix 2 H — w 2 Xi H — w\ W4) + {2xi + w 2 )m 6 + m 8 . (A.19) 

2 8 2 



The massless limit was first obtained in [28] and the massive case was found in [31] . For 
both S0(12) and SO(10) spinors, it should be possible to extend the analysis of [HH [39] to 
find the realization via 6d Dq and -D5 theory and compare the resulting curves. 

A.3 X R for E n 

The ALE space for E G is given by 

We 6 = x\ + X% + x\ + W 2 x\x 2 + W 5 X!X 2 + W 6 xj + W 8 X 2 + WgXi + ttf 12 . (A.20) 

and the one for £7 is 

Wet = x\x 2 + x\ + x\ 

+ w 2 x 2 2 xi + w 6 x 2 2 + WsX 2 Xi + w 10 xi 2 + wi 2 x 2 + w u xi + wis. (A.21) 

The relation between Wk and the Cartan <fr is given e.g. in Appendices of [35]. Our normal- 
ization is slightly different from theirs: for E$, our wj. and their are related as 

e 5 e 6 e 8 e 9 e 12 

w 2 = e 2 , w 5 = — -, W 6 = — , w 8 = — , w 9 = -—, w 12 = — . (A.22) 
4 4 lo lo 64 

For E 7 , the relations are 

e 2 e 6 e 8 e w e 12 e M e 18 

w 2 = - — , w 6 = -, w 8 = -, w 10 = — , w 12 = - — , w u = - — , w 18 = — . (A.23) 

For 27 of Eq, the polynomial is given by 

X 2 7{xu m) = -8(xl - ix 3 + ^w e ) - Aw 2 x 2 

+ 4mw 5 + m 2 {wl - Ylx 2 ) - 8m 3 xi + 2m 4 w 2 + m 6 . (A. 24) 
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The massive case was determined in [29]. For 56 of E?, we have 



^5e( x it wf, m) = x\ + m 2 (— 6xiX 2 — 4w 10 ) + 8im 3 x 3 

+ m 4 (—3xl — QW2X2 — 4w 8 ) + m 6 (2w2Xi — IQX2 

+ m 8 (6xi + w%) 



+ 



2w2m 10 + m 



12 



(A.25) 



The polynomial for the half-hypermultiplet is then 



Xi 5G (xi] Wi) = x 2 . 



(A.26) 



The massless case was determined in [27]. The massive case was determined in [31 J. 

B Seiberg-Witten curve from ALE geometry 

As explained, the Seiberg-Witten curve can be constructed from the z dependent Casimirs 
w. If we found that the geometry can be written as (I2.19j) . then by the redefinition x[ = 
k(z) dl x' 1 ,x' 2 = k(z) d2 y' 2 ,x' 3 = k(z) d3 y' 3 , where k(z) is an arbitrary function z and di is the 
dimension of x' t , the geometry has the form of (12. 19p again. This can be considered as the 
ambiguity of the Seiberg-Witten form A, which we fixed, because this is just the coordinate 
change. Thus, in order to read off the w, we should fix this ambiguity. If we know the map 
between the type lib description and 6d (2,0) theory description, we can fix it. However, 
for the cases we considered, we do not know it and instead of it we will assume that the 
Seiberg-Witten form satisfied the usual properties which are related to the positivity of the 
effective coupling constant. 

In order to do that, we now study the behavior of the A near the singularities. If the 
solution x(z) of Pr(x, Wi) = near z = scales as 



where M is a dimension one constant and a, b are positive co-prime numbers, we introduce 
( a = z which means x/M ~ ( b . Then, we find 



As usual, it will be required that allowed singularity is single pole and the residue is pro- 
portional to the mass of the theory. This implies 6 = and M is a linear combination of 
the mass parameters (or b > 1). This means that at z = and z = 00, Wi should take finite 
value which does not depend on W{. 

At another singularity z = zq, we can assume that the solution x(z) behaves 




(B.l) 



A ~ aMC^dC. 



(B.2) 




(B.3) 
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where M is a dimension one constant and a, b are positive co-prime numbers. Here h is the 
deviation from the singularity: z/z — 1 = —h where c is a constant. We introduce ( a = h 
which means x/M ~ (~ b . Then, we find 

A ~ -MC'^dC. (B.4) 

Thus, we require that a — b > 1 or a = b(= 1). For the latter case, M should be independent 
of W{. Another thing usually required is the condition 

— — = a holomorphic form, (B.5) 

OWi 

which indeed follows from the above requirements. If this is satisfied, then, the positive 
definiteness of the effective coupling constant is assured. 

We have explicitly studied the several Seiberg-Witten geometries and found that the 
ambiguity is indeed fixed uniquely by the requirements for the geometries we studied. Note 
that it is highly non-trivial to find the Wi which satisfies the requirements. Thus, the 
fact that we indeed found those Wi is the evidences for the validity of the Seiberg-Witten 
geometry we proposed. 

Finally, we will write down the explicit coordinate change for finding w for some ex- 
amples. For the geometry ( 13.171) of the full 20 of SU(6), the correct coordinate change 
is 

, _ 1 



J, ■-) 



X 3 



(x 2 + 4 i m 3 z) 



h 



where 



—= ( x 3 — 2 i— (3 m 2 xi + W2X1 + 2 xi 3 + W3) zj , (B.6) 
h = l + 4z, (B.7) 



the Seiberg-Witten geometry becomes 

h 2 W A5 (x[,x' 2 ,x / 3 ;w) = 0, (B.8) 

where Wi = Wi(z) satisfies the above conditions and the correct classical limit Wi — > Wi 
with ,2—7-0. Of course, we can change z — > —z/A in order to set the singularity at z — 1. 
There are artificial cuts at the singular points h = and h = 00, but, we find that the Wi 
is uniquely defined if we think Wi transforms to (— when we go around the singular 
points. Thus, despite the introduction of the artificial cut at the singular points h = and 
h = 00, we believe that that these Wi give the correct curve. 

For the geometry of the 56 of Ej, the correct coordinate change is 

. xi — m 4 z . X2 , q ,_. 

x 1 = , x 2 = ~r, Xn = x 3 + Aim x 2 z, (B.9) 

h h 
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where h = z + 1, the geometry becomes 

^^(4,4,4;^) = 0, (B.10) 

where Wi satisfies the conditions. 

The last example is the the geometry of the 27 of E§: 

zX 2 7(xi;Wi]m) 2 + We 6 (xi,x 2 ,x 3 ;w) = 0, (B.ll) 

where we have set the all mass parameter are same. Using the coordinates: 

X\ + 32m 3 z 



x\ 



X 



h 

hx2 + ^fz(w 2 + 3m 3 



h? 



, hx 3 + 8iz(X E6 (x 1 ,x 2 ,x 3 = 0)) 
x 3 - ^ 2 , {a.LZ) 



where 



h=l-64z, (B.13) 



the SW geometry becomes 



h 3 W E M^) = 0, (B.14) 
where u>, = satisfy following conditions: 

• correct classical limit 

Wi — > Wi, as z — > 0, (B.15) 

• finite at z = oo. Indeed, at 2 = oo we fine 



3 3 3 

We 6 (x[, x 2 , x' 3 ; w) — x\ +x' 2 +x' 3 —?>vr?x\ x' 2 +3m 5 x' 1 x' 2 — -m 6 x' 1 — -m % x' 2 +m 9 x\ ——m 12 . 

2 4 16 

(B.16) 

at the singular point h = 0, the leading behavior is 

,4 , /3 . /2 3m 2 + w 2 , 2 , 1 (3m 2 + w 2 ) 3 /2 



We 6 (x / 1 , x 2 , x 3 ; w) ~ + x' 2 +x 



3 , x l x 2 



h 1 2 12 /i 3 
1 (3m 2 + w 2 ) 4 , 1 (3m 2 + w 2 f 

~ X 2 ~^orA Lfi • V^- 1 ') 



48 /i 4 2 864 h 6 
The characteristic polynomial P 2 7 with the w becomes x l5 (x 2 — (6m 2 + 2w 2 )/h) 2 near 



8 If two mass parameters are different, say mi, 777,2, it is still finite, but complicated. For following two 
examples, we found some simple results. For mi = — 7772 = m, we find We 6 {%i,x' 2 ,x 3 ',w) = x[ + x 2 + 
x' 3 2 — 3m 2 x'^ 2 x 2 + vrPx' 2 . For 777,2 = 0, the characteristic polynomial is x 9 (x 2 — 4m 2 ) 3 (i 2 — m 2 ) 6 . 



27 



References 



N. Seiberg and E. Witten, "Monopole Condensation, and Confinement in M= 2 
Supersymmetric Yang-Mills Theory," \Nucl. Phys. B426 (1994) 19-52[ 
|arXiv : hep-th/9407087| 

N. Seiberg and E. Witten, "Monopoles, Duality and Chiral Symmetry Breaking in J\f= 2 
Supersymmetric QCD," \Nucl. Phys. B431 (1994) 484-550] |arXiv : hep-th/9408099} 

A. Gorsky, I. Krichever, A. Marshakov, A. Mironov, and A. Morozov, "Integrability and 
Seiberg- Witten Exact Solution," \Phys. Lett. B355 (1995) 466-474[ |arXiv : hep-th/9505035} 

E. J. Martinec and N. P. Warner, "Integrable Systems and Supersymmetric Gauge Theory," 
\Nucl. Phys. B459 (1996) 97-112} |arXiv:hep-tri/950916ll 

R. Donagi and E. Witten, "Supersymmetric Yang-Mills Theory and Integrable Systems," 
\Nucl. Phys. B460 (1996) 299-334} [iFXiv : hep-th/95 10 10 1 



E. D'Hoker and D. H. Phong, "Seiberg- Witten Theory and Integrable Systems," 
|arXiv : hep-th/9903068| 

H. Itoyama and A. Morozov, "Integrability and Seiberg- Witten Theory: Curves and 



Periods," Nucl. Phys. B477 (1996) 855-877, arXiv: hep-th/95 11 126 



R. Y. Donagi, "Seiberg- Witten Integrable Systems," arXiv: alg-geom/9705010 



E. D'Hoker and D. H. Phong, "Lectures on Supersymmetric Yang-Mills Theory and 
Integrable Systems," |arXiv:hep-th/9912271[ 

S. Kachru and C. Vafa, "Exact Results for J\f= 2 Compactifications of Heterotic Strings," 
\Nucl. Phys. B450 (1995) 69-89[ |arXiv:hep-th/9505105| 

S. Kachru, A. Klemm, W. Lerche, P. Mayr, and C. Vafa, "Nonperturbative Results on the 
Point Particle Limit of N= 2 Heterotic String Compactifications," 



\Nucl. Phys. B459 (19 96) 537 -558} [arXiv:hep-th /9508155 



M. Billo et al, "Special Geometry of Calabi-Yau Compactifications Near a Rigid Limit," 
Fortsch. Phys. 47 (1999) 133-139, |arXiv:hep-th/9801140| 

A. Klemm, W. Lerche, P. Mayr, C. Vafa, and N. P. Warner, "Self-Dual Strings and N= 2 



Supersymmetric Field Theory," \Nucl. Phys. B477 (19 96) 746-766, arXiv :hep-th/9604034 



S. H. Katz, A. Klemm, and C. Vafa, "Geometric Engineering of Quantum Field Theories," 



Nucl. Phys. B497 (1997) 173-195, arXiv:hep-th/9609239 



W. Lerche, "Introduction to Seiberg- Witten Theory and Its Stringy Origin," Nucl. Phys. 



Proc. Suppl. 55B (1997) 83-117, arXiv :hep-th/9611190 



E. Witten, "Solutions of Four-Dimensional Field Theories via M-theory," 



Nucl. Ph ys. B500 (1997 ) 3-42} |arXiv : hep- tn/9703166, 



A. Giveon and D. Kutasov, "Brane Dynamics and Gauge Theory," 



Rev. Mod. Ph ys. 71 (1999) 983-1084 , [arXiv : hep-th/ 9802067, 



28 



D. Gaiotto, "AA= 2 Dualities," |arXiv: 0904. 2715 [hep-th] 



D. Gaiotto, G. W. Moore, and A. Neitzke, "Wall-Crossing, Hitchin Systems, and the Wkb 
Approximation," |arXiv: 0907 .3987 [hep-th] | 

A. Klemm, W. Lerche, S. Yankielowicz, and S. Theisen, "Simple Singularities and N= 2 
Supersymmetric Yang-Mills Theory," \Phys. Lett. B344 (1995) 169-175[ 



|arXiv : hep-th/941 1048 



P. C. Argyres and A. E. Faraggi, "The Vacuum Structure and Spectrum of M = 2 



Supersymmetric SU(n) Gauge Theory," Phy s. Rev. Lett. 74 (1995) 3931-3934 
|arXiv: hep-th/941 1057| 

A. Hanany and Y. Oz, "On the Quantum Moduli Space of Vacua of N = 2 Supersymmetric 
SU{N C ) Gauge Theories," \Nucl. Phys. B452 (1995) 283-312[ |arXiv : hep-th/9505075] 

P. C. Argyres, M. R. Plesser, and A. D. Shapere, "The Coulomb Phase of N= 2 



Supersymmetric QCD," Phys. Rev. Lett. 75 (1995) 1699-17021 [arXiv:hep-th/9505100 



A. Brandhuber and K. Landsteiner, "On the Monodromies of M= 2 Supersymmetric 
Yang-Mills Theory with Gauge Group SO(2n)," \Phys. Lett. B358 (1995) 73-80[ 
|arXiv : hep-th/9507008| 

P. C. Argyres and A. D. Shapere, "The Vacuum Structure of Af= 2 Superqcd with Classical 
Gauge Groups," \Nucl. Phys. B461 (1996) 437-459[ |arXiv : hep-th/9509175] 

A. Hanany, "On the Quantum Moduli Space of M = 2 Supersymmetric Gauge Theories," 
\Nucl. Phys. B466 (1996) 85-100[ |arXiv:hep-th/9509176| 

J. H. Brodie, "Exact Solutions of Exceptional Gauge Theories from Toric Geometry," 



Nucl. Phys. B506 (1997) 183-198] |arXiv : hep-th/ 9705068. 



M. Aganagic and M. Gremm, "Exact Solutions for Some N= 2 Supersymmetric SO(N) 
Gauge Theories with Ve ctors and Spinors," \Nucl. Phys. B524 (1998) 207-223 
|arXiv : hep-th/97120H 



S. Terashima and S.-K. Yang, "Exceptional Seiberg-Witten Geometry with Massive 
Fundamental Matters," \Phys. Lett. B430 (1998) 102-108[ |arXiv:hep-th/98030i4| 

S. Terashima and S.-K. Yang, "Seiberg-Witten Geometry with Various Matter Contents," 
\Nucl. Phys. B537 (1999) 344-360| |arXiv:hep-th/9808022[ 

J. Hashiba and S. Terashima, "Geometry and M = 2 Exceptional Gauge Theories," JHEP 
09 (1999) 020, |arXiv:hep-th/9909032[ 

P. C. Argyres, R. Maimon, and S. Pelland, "The M Theory Lift of Two 06~ Planes and 
Four D6 Branes," JHEP 05 (2002) 008, |arXiv : hep-th/0204127] 

K. Landsteiner and E. Lopez, "New Curves from Branes," 
\Nucl. Phys. B516 (1998) 273-296} |arXiv:hep-th/9708118] 

E. D'Hoker and D. H. Phong, "Spectral Curves for Super- Yang-Mills with Adjoint 
Hypermultiplet for General Lie Algebras," \Nucl. Phys. B534 (1998) 697-719[ 



arXiv : hep-th/9804126 



29 



[35 
[36 

[37; 

[38 

[39 
[40 

[41 

[42 

[43' 
[44 

[45 

[46 

[4r 

[48 



S. Katz and D. R. Morrison, "Gorenstein threefold singularities with small resolutions via 
invariant theory for weyl groups," J. Alg. Geom 1 (1992) 449-530, |alg-georm/9202002[ 

T. Shioda, "Construction of elliptic curves with high rank via the invariants of the weyl 
groups," J. Math. Soc. Japan 43 (1991) 673-719. 

M. Noguchi, S. Terashima, and S.-K. Yang, "A/"= 2 Superconformal Field Theory with ADE 



Global Symmetry on a D3-Brane Probe," \Nucl. Phy s. B556 (1999) 115-151 
|arXiv : hep-th/990321~5| 



O. Chacaltana and J. Distler, "Tinkertoys for Gaiotto Duality," JEEP 11 (2010) 099 



|arXiv : 1008 . 5203 [hep-th] 



O. Chacaltana and J. Distler, "Tinkertoys for the Dn Series," |arXiv: 1106.5410 [hep-th] 



W. Lerche and N. P. Warner, "Exceptional Sw Geometry from ALE Fibrations," 



Phys. Lett. B423 (1998) 79-86, arXiv:hep-th/9608183 



T. J. Hollowood, "Strong Coupling M = 2 Gauge Theory with Arbitrary Gauge Group," 



Adv. Theor. Math. Phys. 2 (1998) 335-355, arXiv:hep-th/9710073 



S. H. Katz and C. Vafa, "Matter from Geometry," \Nucl. Ph ys. B497 (1997) 146-154 
|arXiv : hep-th/9606086[ 



D. R. Morrison and W. Taylor, "Matter and Singularities," arXiv : 1106 . 3563 [hep-th] 



H. Rhedin, "Seiberg-Witten Theory for the Asymptotic Free Rank Three Tensors of 
SU(N)," |arXiv:hep-th/0010233] 

F. Benini, Y. Tachikawa, and D. Xie, "Mirrors of 3D Sicilian Theories," 
|arXiv: 1007 .0992 [hep-th] [ 

Y. Tachikawa, "A/"= 2 S-Duality via Outer- Automorphism Twists," 



J. Phys. A (2011) Math. Theor.44: 182001 , arXiv: 1009.0339 [hep-th] 



S. Gukov and E. Witten, "Rigid Surface Operators," |arXiv: 0804. 1561 [hep-th] | 

A. Moreau, "On the dimension of the sheets of a reductive lie algebras," Journal of Lie 
Theory 18 (2008) 671-696, larXiv: 0711 .2735 [math.RT]! 



[49] D. Nanopoulos and D. Xie, "A/"= 2 SU Quiver with USp Ends or SU Ends with 
Antisymmetric Matter," \ JEEP 08 (2009) 108[ |arXiv: 0907. 1651 [hep-th] [ 



30 



